Introduction
One of the new ideas under investigation in string theory is ADS/CFT correspondence. It has a beautiful mathematical formulation and provides new stimuli and insights to the study of conformally compact Einstein manifolds. By the work of Lee [14] and recent results of Witten-Yau [22] we expect that there should be a very interesting relationship between the geometry of a conformally compact Einstein manifold and the conformal geometry of its conformal infinity.
In this paper we establish several results which support this philosophy. A common theme in the approach is Bochner technique. In Section 3 we prove the following theorem. Combined with a theorem of J. Lee [14] this generalizes a result of Witten-Yau [22] and Cai-Galloway [7] . The second part of the above theorem characterizes the borderline case completely. It is interesting to note that it is precisely the example given by Witten-Yau [22] . As a corollary of our theorem, we give a simple proof of a result concerning convex cocompact hyperbolic manifolds due to Bowen [6] , Izeki [11] and Yue [23] .
A Killing vector field on a conformally compact Einstein manifold M extends to M and its restriction on the conformal infinity Σ is a conformal vector field. In Section 4 the inverse problem is considered: given a conformal vector field on Σ can it be extended to a Killing vector field on M ? We show the answer is yes if we assume M has non-positive curvature and there is an approximate Killing vector field.
A large class of conformally compact Einstein manifolds are given by convex cocompact hyperbolic manifolds. The conformal infinity of such manifolds is necessarily conformally flat. In Section 5 we study conformally compact Einstein manifold whose conformal infinity is conformally flat. The main result in this section is Compared with the known examples, this result illustrates the subtle role played by spin structures.
Preliminaries
Let M be a compact (n+1)-dimensional manifold with boundary Σ. If r is a smooth function on M with a first order zero on the boundary of M , positive on M , then r is called a defining function. A Riemannian metric g on M = IntM is called conformally compact if for any defining function r, g = r 2 g extends as a smooth metric on M . The restriction of g to Σ gives a metric on Σ. This metric changes by a conformal factor if the defining function is changed, so Σ has a well-defined conformal structure c. We call (Σ, c) the conformal infinity of (M, g). If g satisfies the Einstein equation Ric (g) + ng = 0 we say (M, g) is a conformally compact Einstein manifold.
The following lemma is very useful.
Lemma 2.1 (see [8]).
A metric h ∈ c on Σ determines a unique defining function r in a collar neighborhood of Σ such that
where h r is an r−dependent family of metrics on Σ with h r | r=0 = h.
By the Einstein equation the expansion of h r is of the following form [9] . For n odd,
where the h (j) are tensors on Σ, and h (n) is trace-free with respect to h. The tensors h (j) for j ≤ n − 1 are locally formally determined by the metric h, but h (n) is formally undetermined.
For n even the analogous expansion is
where the h (j) are locally determined for j ≤ n − 2, k is locally determined and trace-free, but h (n) is formally undetermined.
Conformally compact Einstein manifolds were first studied by Graham and Lee [8] and they proved the following local existence theorem. 
In particular, Σ is connected.
For more background information we refer the reader to Graham-Lee [8] , Lee [14] , Graham-Witten [9] and Witten-Yau [22] .
A homology vanishing theorem
We first state a general technical lemma. 
Proof. We introduce a 2-tensor H by
Since θ is harmonic, H is symmetric and has trace zero. Given p ∈ M we choose a local orthonormal frame {e 0 , e 1 , . . . , e n } such that at p θ(e 0 ) = |θ|, θ(e i ) = 0, for i = 1, . . . , n.
In the following we do the calculation at p.
n |∇|θ|| 2 . If equality holds at p then H has an eigenvalue µ of multiplicity n and another eigenvalue −nµ such that
For a complete, non-compact Riemannian manifold (M, g), we denote the infimum of the L 2 spectrum of its Laplacian − by λ 0 (g). It can be defined as
Theorem 3.1. Let (M, g) be a conformally compact Riemannian manifold of dimension n+1 with Ric ≥ −n.
where Σ is compact and h is a metric on Σ with Ric ≥ −(n − 1).
Proof. Suppose that θ is a non-zero L
2 harmonic 1-form on M . By the Bochner formula we have 1 2
By Lemma 3.1
By Mazzeo's work (see [15] and [16] ) we have f |θ| = O(r n ) (Mazzeo proved an asymptotic expansion for θ by constructing a parametrix for the Hodge Laplacian in a collar neighborhood of the conformal infinity. His method originally gives the decay rate |θ| = O(r n−1 ). By using the well-known fact that an L 2 harmonic form on a complete Riemannian manifold is both closed and coclosed, one can improve the decay rate to get |θ| = O(r n ). See [21] for more details). This implies that φ f
where ν is the outer unit normal of Σ δ . By geometric-mean inequality
This implies that
and there is a nonzero harmonic form θ, then all the inequalities in the above argument are equalities. First we have
By Harnack inequality φ is positive everywhere. We also have
Let X be the unit vector field dual to the 1-form θ/|θ|. By the proof of Lemma 3.1, we have
By (3.4)(3.5) and (3.6) we get
for u, v orthogonal to X. It follows that ∇f = −nµX. Let γ : R → M be any trajectory of X, which is a geodesic by (3.7). We have
We choose a local orthonormal frame {e 0 , e 1 , . . . , e n } near γ(t) such that e 0 = X. By (3.7) (3.9) and (3.10) we calculate
By (3.3) and the fact that φ = f n/(n−1) we obtain
By (3.11)(3.12) and (3.13) we get the following ODE
This ODE can be easily solved to give
where a > 0 and c are constants. By (3.8)
Therefore the flow of X moves any level set of f to another level set. It is now clear that Σ is a compact hypersurface and the flow of X contracts M to Σ. Therefore M = R × Σ and the metric g must be the form
where x is coordinates on Σ. By (3.9) (3.14) and (3.15) we have 1 2
Therefore g = dt 2 + cosh 2 (t)h where h is a metric on Σ. As Ric g ≥ −n, it is easy to see that Ric h ≥ −(n − 1).
Conversely for such a manifold M one can easily verify that cosh
−n dt is an L 2 harmonic 1-form and
Hence λ 0 = n − 1 and H 1 (M ) = 0.
Corollary 3.1. Let (M, g) be a conformally compact Riemannian manifold with
Ric ≥ −n and λ 0 (g) > n − 1, then H n (M, Z) = 0. In particular, the conformal infinity is connected.
Proof. It has been shown by R. Mazzeo [15] that
. Therefore H 1 (M, Σ) = 0 by Theorem 3.1. It then follows H 1 (M, Σ; Z) = 0 for we know it is also torsion free. By Lefshetz duality H n (M, Z) = 0. To prove the second claim we use the cohomology exact sequence
As
The significance of H n (M, Z) = 0 for AdS/CFT correspondence is that it rules out the existence of wormholes (see [22] for a detailed explanation). About λ 0 (g), the following result is known.
Theorem 3.2 (J. Lee [14]). Let (M, g) be a conformally compact Einstein manifold. If its conformal infinity has positive Yamabe invariant, then
Combining the previous two theorems we get Remark. In the Corollary we have to assume that each component of the conformal infinity has positive Yamabe invariant. Actually the result is established if one of the components has positive Yamabe invariant (Witten-Yau [22] ) or zero Yamabe invariant (Cai-Galloway [7] ).
Remark. In another sense, Theorem 3.1 is obviously stronger than the result of Witten-Yau and Cai-Galloway who prove H n (M, Z) = 0 under the condition that the conformal infinity has nonnegative Yamabe invariant. Theorem 3.1 shows that this is true even for certain manifolds whose conformal infinity has negative Yamabe invariant. Consider a hyperbolic manifold M = B n+1 /Γ where Γ is a torsion-free convex cocompact discrete subgroup of Isom + (H n+1 ). Such M is a conformally compact Einstein (hyperbolic) manifold with conformally infinity (S n − Λ(Γ))/Γ where Λ(Γ) is the limit set of Γ. For such manifolds Sullivan [18] proved that λ 0 < n 2 /4 iff Λ(Γ) has Hausdorff dimension δ > n/2, and in that case λ 0 = δ(n − δ). By Theorem 3.1 we get
If δ > (n−2)/2 by a result due to Schoen-Yau [17] the conformal infinity actually has negative Yamabe invariant.
In 1979, Bowen [6] proved that the Hausdorff dimension of the limit set of a quasi-Fuchsian group acting on S 2 , which is not Fuchsian, is greater than 1. It had been conjectured that the same result should be true in higher dimensions. The conjecture was solved by Izeki [11] and Yue [23] , independently using quite different methods. As an application of Theorem 3.1, we can give a simple proof of a special case of their theorem. It follows that δ(Γ ) ≥ n − 1. If δ(Γ ) = n − 1, by Theorem 3.1 M is the warped product of R with a compact hyperbolic manifold Σ whose fundamental group is Γ . Since Γ is isomorphic to Γ as an abstract group, Σ is isometric to Σ by Mostow rigidity. Therefore M is isometric to M , or equivalently, Γ is conjugate to Γ by a Möbius transformation.
Asymptotic symmetry

Let (M, g) be a conformally compact Einstein manifold with conformal infinity (Σ, [h]). By Lemma 2.1 we can write the metric near infinity as
where (x 1 , . . . , x n ) are local coordinates on Σ. Let X = a(r, x)
be a vector field on M . By calculation we have the following formulas It follows a(r, x) = ra 0 (x). By (4.2) we get
Hence X extends to a vector field on M and its restriction on Σ is
When we retric to the boundary r = 0 we get
where we use the fact that 
Lemma 4.1. Let (M, g) be an n + 1-dimensional Riemannian manifold with
where, in terms of an orthonormal frame, (
Proof. Let F t be the (local) flow generated by X. Let g t = F * t g. We have −ng t = Ric (g t ). We differentiate both sides with respect to t and use the formula (1.180a) in Besse [5] 
If we identify a vector field with its dual 1-form we have the following identity δL X g = X + ∇div X + Ric (e j , X)e j = X + ∇div X − nX. (4.6) It is also easy to verify
By (4.5) (4.6) and (4.7) we get
This is the formula we want. 
Definition 4.1. A vector field X on M is asymptotic Killing if
Proof. First by general elliptic theory on conformally compact manifolds e. g. , see [14] , we can solve
to get a vector field Z which satisfies Z = O(r n−2 ). Let X = Y + Z. Then X is asymptotic Killing and X − nX = 0. By Lemma 4.1 we have
On the other hand we have the following formula from Besse [5] 
By integration by parts we get
By (4.8) and (4.9) we get
As M has nonpositive sectional curvature, by Theorem 12. 71 in Besse [5] we have
Combining with (4.10) we conclude L X g = 0, i. e. X is a Killing vector field.
Given a conformal vector field on Σ, one may try to construct an asymptotic Killing vector field. In general this seems to be difficult to do. Nevertheless we have the following 
Proof. Identifying M 1 and M 2 near the infinity we can write g 1 and g 2 as
By the discussion at the end of Section 2 we have
Extending Y to the compact part of M 2 we get a vector field X on M 2 . By (4.1) (4.2) (4.3) and (4.14) we get
i. e. X is an almost Killing vector field.
Remark. If we further assume (M 2 , g 2 ) is nonpositively curved in the above theorem, we can produce a Killing vector field on M 2 by Theorem 4.1. It is possible to use this result to prove global uniqueness of nonpositively curved Einstein metrics with certain conformal infinities.
Conformal infinity which is conformally flat
Let (M, g) be a Riemannian manifold of dimension n + 1. We denote its Weyl tensor by W . We will first prove a Bochner formula for W by straightforward calculation. Proof. It is obvious that the left hand side is independent of the orthonormal frame, hence we need only to check it pointwise using a normal frame. Then we have
where in the last step we simply use the fact that the trace of W is zero.
It follows that W satisfies the second Bianchi identity.
Proof. For any p ∈ M we choose a local orthonormal frame {e i } which is normal at p. The following calculation is done at p. 
Thus we get the formula
Following [19] , for fixed k, j, i,h we introduce a local skew symmetric tensor u
The following two lemmas are stated in [19] (our notation is slightly different). The proof is a long but simple calculation.
In dimension three, there is the following beautiful construction due to Bers [4] . Let Σ be a compact oriented surfaces of genus ≥ 2. Given two conformal structures c 1 and c 2 on Σ, there is a conformally compact hyperbolic metric on Σ × (0, 1) with the conformal infinity (Σ, c 1 ) (Σ, c 2 ) . In higher dimensions, we can not expect such a picture. Let Γ be a Kleinian group acting on S n . We denote its limit set by Λ(Γ). Suppose that S n − Λ(Γ) has a component Ω on which Γ acts freely. Then Ω/Γ is a manifold with a conformally flat structure. 
Proof. Let h 0 be the standard metric on S n . By the assumption there is a complete hyperbolic metric h = ρ −2 h 0 on Ω, where ρ is a positive function. By the formula relating the Ricci tensor of h and that of h 0 we get
where D 2 and are taken with respect to h 0 . The above formula simply means that ∇ρ is a conformal vector field of h 0 . Then ∃ ξ ∈ S n and a constant c such that ρ(x) = x · ξ + c. For h to be complete Ω must be one of the sphere caps bounded by the n − 1-dimensional round sphere on which ρ is zero. Therefore Γ fixes a round S n−1 in S n . This implies that Γ is a Fuchsian group.
Let (M, g 0 ) be a compact hyperbolic manifold of dimension at least three with another conformally flat structure c, e. g. If M contains a totally geodesic hypersurface, the bending construction produces exotic conformally flat structures. By the proposition there exists no conformally compact hyperbolic metric on M × (0, 1) with the conformal infinity (M, [g 0 ]) (M, c). But it is possible to have a conformally compact Einstein metric. Proof. First we show that the Weyl tensor W decays rapidly. As the conformal infinity is conformally flat we can take a metric h in the conformal class which is Euclidean on a local chart U ⊂ Σ. On (0, ) × U the metric g = r −2 (dr 2 + h) is hyperbolic and thus has zero Weyl tensor. As g = r −2 (dr 2 + h r ) = g + O(r n−2 ) on (0, ) × U we have W = O(r n−2 ). Therefore we get As λ 0 = n 2 /4, we conclude W ≡ 0. Therefore g is hyperbolic.
Examples and a non-existence result
Let (N, g 0 ) be a Riemannian manifold of dimension n + 1 − k such that Ric = −(n − k). Consider the following metric on B Remark. The referee pointed out that the above metric is the Euclidean version of a well-known static solution to the vacuum Einstein equations (referred to as the Kottler k = 0 solution).
When k = 2, the above Einstein metric was constructed in Bérard Bergery [4] . He also constructed Einstein metrics with negative scalar curvature on B 2 × N , where N is a compact Einstein manifold of positive or zero scalar curvature. We show his metrics, properly normalized, are conformally compact.
